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Abstract. Computer methods for flexible multibody dynamics that are able to treat large de-
formation phenomena are important for specific applications such as contact problems. From
a mechanical point of view, large deformation phenomena areformulated in the framework of
nonlinear continuum mechanics. Computer methods for largedeformation problems typically
rely on the nonlinear finite element method.

On the other hand classical formalisms for multibody dynamics are based on rigid bodies.
Their extension to flexible multibody systems is typically restricted to linear elastic behavior.

In the present work the nonlinear finite element method is extended such that the simula-
tion of flexible multibody dynamics including large deformation phenomena can be handled
successfully.
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1 INTRODUCTION

In the present work we address computer methods that can handle large deformations in the
context of multibody systems. In particular, the link between nonlinear continuum mechanics
and multibody systems is facilitated by a specific formulation of rigid body dynamics [1]. This
formulation is closely related to the notion of natural coordinates [2]. Our approach makes pos-
sible the incorporation of state-of-the-art computer methods for large deformation problems.
Examples are arbitrary constitutive models [3], geometrically exact beams and shells [4], do-
main decomposition [5], and large deformation contact [6].

Energy and momentum consistent numerical methods for this kind of problems offer superior
stability and robustness properties. Our approach relies on a uniform formulation of discrete
mechanical systems such as rigid bodies and semi-discrete flexible bodies resulting from a
finite element discretization of the underlying nonlinear continuum formulation. The uniform
formulation results in discrete equations of motion assuming the form of differential-algebraic
equations (DAEs). A constant inertia matrix is a characteristic feature of the present DAEs.
In particular, the simple DAE structure makes possible the design of structure-preserving time-
stepping schemes such as energy-momentum schemes and momentum-symplectic integrators
[7, 8].

A further advantage of the present treatment of flexible and rigid bodies is that flexible multi-
body systems can be implemented in a very systematic way. In fact, the present approach leads
to a generalization of the standard finite element assembly procedure. The generalized assembly
procedure makes possible the incorporation of both arbitrary nonlinear finite element formula-
tions and multibody features such as joints.

On the other hand the nonstandard description of rigid bodies requires some care concerning
the consistent application of actuating forces. This issuewill be addressed in the context of
kinematic pairs. Moreover the incorporation of large deformation phenomena into the present
description of multibody dynamics will be dealt with. In particular, we will outline the inclusion
of large deformation contact into flexible multibody dynamics.

2 ROTATIONLESS FORMULATION

The rotationless rigid body formulation [1] relies on redundant coordinates that can be
viewed as natural coordinates. Natural coordinates are comprised of Cartesian components
of unit vectors and Cartesian coordinates (see [2] and the references cited therein). LetB ∈ R

3

be an arbitrary region to be regarded as rigid body. A material point is denoted byX ∈ B and
the mass density is given byρ(X). The motion of the rigid body can be characterized by a rigid
transformation with:

x(X, t) = ϕ(t) +R(t)X . (1)

Hereϕ ∈ R
3 specifies the placement of a point of reference whereasR ∈ SO(3) is a rotation

matrix. The column vectorsdi of the rotation matrixR are denoted as “directors”

di = R ei (2)

which represent a body-fixed orthonormal frame. The orthonormality condition is enforced with
explicit constraintsΦint

ij = di ·dj−δij and associated Lagrange multipliersΛij. Accordingly, the
vector of redundant coordinates readsq = (ϕ,d1,d2,d3). The equations of motion pertaining
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to the constrained mechanical system at hand can be written as:

q̇ − v = 0

M v̇ +∇qV − f +∇qΦ
int : Λint = 0

Φint
ij = 0

(3)

with constant mass matrixM, potential functionV (q) and generalized force vectorf . Regard-
ing structural elements such as beams and shells which can undergo large deformations and
large rigid body rotations, the semi-discrete equations ofmotion stemming from the underlying
rotationless formulation assume a form analogous to the differential-algebraic equations (3). In
the case of structural elements the potential functionV typically contains contributions of the
stored energy in terms of nonlinear strain measures, see [9]and [4] for further details. The
underlying DAE structure of the equations of motion (3) makes possible the straightforward
extension to multibody systems.

3 JOINT FORMULATION

Based on previous works [10, 13] we further develop the formulation of joint (or external)
constraints. In particular, we develop a modified methodology for the formulation of joint con-
straints which will be beneficial to the application of external torques. The present approach is
unconditionally free of singularities and automatically satisfies the constraints in the initial con-
figurationB0. Additionally, it provides advantages for the consistent computer implementation.

Let there be two rigid bodiesI andII with associated coordinatesIϕ, Idi andIIϕ, IIdi, i ∈
{1, 2, 3}. The two bodies are assumed to be interconnected by a revolute joint. The joint
rotation axis will be determined in the initial configuration B0 by a position vectorZϕ and a
unit vectorZd1. For completeness, we introduce two arbitrary directorsZd2 andZd3 which
fulfill the conditionZ

R =
∑

Zdi⊗ei ∈ SO(3). For each bodyα with α ∈ {I, II} we introduce
a body-fixed frame{αϕ′, αd′

i} with:

αϕ′ = αϕ+ α
R cα

α
R

′ = α
RCα ,

(4)

R =
∑

di ⊗ei and the constant vectors/matricescα andCα, which are to be determined in the
initial configurationB0:

cα = α
R

−1
0 (αϕ′

0 −
αϕ0)

Cα = α
R

−1
0

α
R

′

0 .
(5)

To parameterize the revolute pair, we choose for both bodiesthe following conditions in the
initial configurationB0:

αϕ′

0 =
Zϕ

α
R

′

0 =
∑

Zdi ⊗ ei .
(6)

By using the transformed frames{αϕ′, αd′

i}, the external constraints corresponding to the rev-
olute joint can now be written as:

Φ
rev =





Iϕ′ − IIϕ′

Id′

1 ·
IId′

2
Id′

1 ·
IId′

3



 . (7)

It can be concluded that using the transformed frames allowsa simple and systematic formula-
tion of any lower kinematic pair with all the advantages mentioned above.
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4 CONSISTENT FORMULATION OF TORQUES

Next consider a rigid body on which an external torqueM ∗(t) ∈ R
3 is applied. The corre-

sponding expression for the virtual workGext is given by

Gext = δθ(t) ·M ∗(t) . (8)

whereδθ ∈ R
3 is a virtual rotation. In the rotationless formulation external torques can be

formulated as follower loads. Correspondingly

Gext =
1

2
δdi(t) · (M

∗(t)× di(t)) . (9)

We will show that equation (9) is equivalent to equation (8):From the unit-length condition on
the directors,di · di = 1, it follows thatδ (di · di) = 2 δdi · di = 0. Accordingly,δdi⊥di and
thereforeδdi = δθ × di. Then equation (9) directly leads to

Gext = 1

2
(δθ × di) · (M

∗ × di) . (10)

The last equation can be recast in the form

Gext = 1

2
[(δθ ·M ∗) (di · di)− (di ·M

∗) (di · δθ)]

= δθ ·M ∗ (11)

where the mutual orthonormality of the directors has been taken into account. This corrobo-
rates that equation (9) is the appropriate formulation for the inclusion of external torques in the
rotationless formulation.

Consistency in the discrete setting Next we show that the naive use of equation (9) in the
time discretization in general violates the balance law forangular momentum. Consider a single
external torqueM ∗ exerted on the rigid body. In what follows we restrict our attention to the
rotational motion of the rigid body. The corresponding equations of motion can be written as

G = δdi ·
[

Mij d̈j −
1

2
M ∗ × di +∇dΦ

int : Λint
]

(12)

whereMij denote the constant components of the mass matrix. We now make use of a mid-
point-type discretization:

Gh = δdi ·

[

1

∆t
Mij

(

ḋj n+1 − ḋj n

)

− 1

2
M ∗

n+ 1

2

× di n+ 1

2

+ ∇dΦ
int
∣

∣

n+ 1

2

: Λint
n+1

]

(13)

Introducing admissible variations of the formδdi = u× di n+ 1

2

for arbitraryu ∈ R
3, equation

(13) yields

Gh = u ·

[

1

∆t
Mij

(

di n+ 1

2

× ḋj n+1 − di n+ 1

2

× ḋj n

)

− 1

2
di n+ 1

2

×
(

M ∗

n+ 1

2

× di n+ 1

2

)

]

.

(14)

The definitionMij

(

di n+ 1

2

× ḋj n+1 − di n+ 1

2

× ḋj n

)

= Ln+1−Ln for the incremental change

of the time-discrete angular momentum (see [1]) leads to thefollowing discrete balance equa-
tion:

Ln+1 −Ln = −∆t
2
di n+ 1

2

×
(

di n+ 1

2

×M ∗

n+ 1

2

)

. (15)
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The last equation can be alternatively written as

Ln+1 −Ln = −∆t
2
d̂i n+ 1

2

d̂i n+ 1

2

M ∗

n+ 1

2

. (16)

whered̂ denotes a skew-symmetric matrix with associated axial vector d ∈ R
3, so thatd̂ a =

d × a for anya ∈ R
3. Since in the present time discretization the algebraic constraints are

only satisfied at the time nodes, the fulfillment of the orthonormality condition on the directors
is restricted to the time nodes as well:

di n+α · dj n+α

{

= δij for α ∈ {0, 1}

6= δij for α ∈ (0, 1)
→ d̂i n+α d̂i n+α

{

= −2 I for α ∈ {0, 1}

6= −2 I for α ∈ (0, 1)
(17)

where
di n+α = (1− α)di n + αdi n+1 (18)

Therefore, discrete balance of angular momentumLn+1 − Ln = ∆tM ∗

n+ 1

2

is generally not
fulfilled in equation (16). To eliminate this inconsistency, we introduce contravariant directors
di
n+α defined by

di
n+α · dj n+α = δij for anyα . (19)

We now define as discrete version of (9):

G̃ext
h =

1

2
δdi(t) ·

(

M ∗

n+ 1

2

× di

n+ 1

2

)

. (20)

In the following we will refer to this approach as the contravariant torque formulation. It can
be easily verified by following the above lines that the contravariant torque formulation restores
the fulfillment of the discrete balance law for the angular momentum.

5 COORDINATE AUGMENTATION TECHNIQUE

An alternative approach to the incorporation of torques into the rotationless rigid body for-
mulation relies on the coordinate augmentation technique,see [14]. This approach is based
on the introduction of an additional constraintΦaug in conjunction with an additional rotational
degree of freedomγ. Thanks to the systematic approach in section 3, this constraint can be
applied directly with:

Φaug = Id′

2 ·
IId′

3 + sin γ + Id′

3 ·
IId′

3 − cos γ (21)

and will be denoted as “classical augmentation”. It belongsto the following class of augmenta-
tion constraints

Φaug = a
(

Id′

2 ·
IId′

3 + sin γ
)

+ b
(

Id′

3 ·
IId′

3 − cos γ
)

. (22)

with constant parametersa andb. It can be shown that for each combination of these parameters
there exist configurationsγ∗ = arctan

(

b
a

)

leading to rank deficiency in the discrete setting.
This problem can be alleviated by choosinga andb as fixed quantities attn obtained from the
previous time step:

a = cos(γn)

b = sin(γn) .
(23)

It can be shown that this modified augmentation is stable up torotations of1
2
π per time step. As

can be observed from equation (22), the augmentation constraint is nonlinear in the coordinate
γ. An energy-momentum consistent time-stepping scheme can be obtained by applying the
notion of a discrete gradient in the sense of [15].
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6 INCLUSION OF LARGE DEFORMATION CONTACT

The presented framework based on a set of differential-algebraic equations can be directly
extended to large-deformation contact problems. In particular, unilateral contact constraints
can be formulated as a set of inequality constraints which can be rewritten as equality con-
straints using a standard active set strategy. The node-to-surface (NTS) method (see [11] for
details) can be considered the prevailing method for contact problems in the context of finite
elements. Actual developments extend the collocation-type NTS method to a variationally con-
sistent formulation known as mortar contact method (see [12]). For both methods, the classical
Karush-Kuhn-Tucker conditions read

Φcon ≤ 0, λcon ≥ 0, Φconλcon = 0 (24)

which can be rewritten as

Φ̃con = λcon −max{0, λcon − cΦcon}, c > 0 (25)

This formulation makes possible a very efficient computer implementation of the active set
strategy. We refer to [6] for a full account on the present formulation of large deformation
contact problems.

7 EXAMPLE 1

In the first numerical example we investigate the application of external torques in the rota-
tionless formulation of multibody dynamics. To this end we consider the revolute pair depicted
in Fig. 1.

e1

e2

e3

{Idi}

{IIdi}

F (t)

M

M

Zd1

Zd2

Zd3

1

1

1.5

Id1

Id2 IId1

IId225°

F (t) = f(t) ·





0
1
1

2





f(t) =











2 t for 0 < t ≤ 0.5

−2 t+ 1 for 0.5 < t ≤ 1

0 for t > 1

M∗ = 2

Figure 1: Revolute pair: Geometry of the two rigid bodies (prisms) with densityρ = 1 and definition of the loads.

The revolute pair consists of two prisms that are connected by a revolute joint with axisZd1.
All dimensions of the kinematic pair, except the thickness in e3-direction which is 1, are given
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Figure 2: Revolute pair: Snapshots of the motion.

in Fig. 1. To initiate the overall motion of the system, a deadforceF (t) is acting fort < 1.
Throughout the motion a constant internal torqueM∗ is applied about the revolute axisZd1.
After t = 1 no external loads are acting so that total linear and angularmomentum have to be
conserved quantities.

The resulting motion of the 2-body system is illustrated with some snapshots in Fig. 2. Three
alternative ways of applying the actuating torqueM∗ are considered:

1. Straightforward mid-point evaluation of equation (9), termed naive approach.

2. Newly proposed contravariant torque formulation, see equation (20).

3. Coordinate augmentation outlined in Section 5.
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Figure 3: Revolute pair (∆t = 1 · 10−2): Failure of the naive approach (left) and success of two alternative
approaches (right).

It can be observed from Fig. 3 that the naive approach fails tosatisfy conservation of angular
momentum. In contrast to that, the two alternative methods at hand do fulfill this fundamental
conservation law. Although approach 3. guarantees conservation of angular momentum for
any time step, it may lead to unphysical behavior depending on the specific formulation of the
augmentation constraint. This can be seen from Fig. 4 which depicts the total kinetic energy
versus time for two different augmentation constraints. Whereas the “classical augmentation”
leads to unphysical growth and decay of the kinetic energy, the alternative method described in
Section 5 yields the correct increase in the kinetic energy (see “variable augmentation” in Fig.
4).

It can be concluded that a naive application of torques in therotationless formulation of
multibody dynamics can result in completely unphysical numerical results.
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Figure 4: Revolute pair (∆t = 1·10−2): Total angular momentum (left) and total energy (right) for both “classical”
and “variable augmentation”.

8 EXAMPLE 2

shells

beams

Figure 5: Multibody system with flexible components

0,0 0,5 1,0 1,5 2,0 2,5 3,0
0,0

0,2

0,4

0,6

0,8

1,0

t

E

Strain energy

Impact→

Figure 6: Strain energy of flexible components

The second example deals with the flexible multibody system depicted in Fig. 5. This
example demonstrates the inclusion of geometrically exactbeams and shells as well as large
deformation contact within the framework of flexible multibody dynamics. The model of a
tennis player consists of 19 rigid bodies, whereas the tennis racket is modeled with nonlinear
beams and shells (see Fig. 5). Shell elements are also used for modeling the tennis ball. The
motion of the tennis player himself is prescribed (fully actuated). Due to the presence of the
flexible tennis racket the whole system is highly underactuated. The motion of the system until
the onset of contact between the tennis ball and the racket isillustrated with some snapshots
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in Fig. 7. The impact of the tennis ball on the racket leads to large deformations accompanied
with a sudden increase of the strain energy (Fig. 6).

Figure 7: Snapshots of the motion
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