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Abstract A special application for the so-called ’Solid-Shell’ elements are sheet metal
forming problems with high stretching and large local contact pressure where standard
2D-shells fail to converge resp. do not give reasonable results. To describe such kind of
problems besides a full 3D continuum discretization appropriate contact formulations
are necessary to introduce the contact condition of the metal sheets against the rigid
tools. In this contribution a velocity description is taken for formulation of contact
conditions. A penalty as well as an Augmented Lagrangian approach for frictionless
contact is used as a first step in our developments. Special attention is paid to different
numerical integration schemes of the contact integral and tangent matrices. As a
result a series of different contact elements including various cases as “node-to-surface”,
“segment-to-segment” and “analytical rigid surface-to-segment” is considered under the
unified description. For selected numerical examples the influence of the order of the
quadrature formulae in a subdomain integration approach as well as the order of finite
element interpolation used in the computations is discussed. The algorithms appear
also to work well for friction type problems, which will be tested in a following paper.

Keywords Higher Order ’Solid-Shell’ Elements, Large Deformations, Penalty Method,
Augmented Lagrangian Method, Internal Geometry of the Contact Surfaces, Contact
Problems, Sheet Metal Forming

1 Introduction

The so-called ’Solid-Shell’ formulation as described in [10] and e.g. [19], [17] is based
solely on displacement degrees of freedom belonging to the upper and lower shell sur-
faces and thus the use of rotational degrees of freedom can be avoided. As no kinemat-
ical assumption is applied beyond standard 3D continuum theory also general three-
dimensional material laws can be provided. In particular shell type problems with
high stresses in thickness direction and considerable thinning due to stretching can be
analyzed without further assumptions. Furthermore, to achieve a better geometric ap-
proximation beyond ’Solid-Shell’ elements with bilinear in-plane shape functions also
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biquadratic in-plane shape functions are considered. To overcome the locking prob-
lems, which appear for both orders of interpolation, different schemes are used and
finally as proposed for example in [9] almost locking free element formulations can be
derived.

The main part of the paper focuses on large deformations contact problems. With
standard nodal contact formulations the problem of weighting of the single nodal con-
tribution occurs. As it is well known this is an effect of the under-integration of the
contact integral and the corresponding tangent matrix. To overcome this problem a se-
ries of surface contact elements is investigated. These elements inherit the geometry of
the surfaces of the ’Solid-Shell’ elements. Therefore, instead of evaluating the contact
conditions at the nodal points and determining the nodal forces directly, the contact
forces are integrated numerically over the element area of surface contact elements as
suggested in [15] and [24]. An improvement appears possible by using an integration
in the subdomains of the contact element. A velocity description [14] is used for the
formulation of the contact conditions and for the derivation of the contact tangent
matrix as well. Both, penalty and Augmented Lagrangian methods are used to enforce
the contact conditions.

The contact forces are discontinuous over the contact surface and, therefore, the numer-
ical integration gives a better result, if the number of integration points is increased.
For further investigations a series of contact elements including a different approach
for the evaluation of the contact integral is considered to check the effect of the nu-
merical integration more closely. Contact between rigid analytically defined surfaces
and deformable bodies is separately treated. Finally, after demonstrating the effect of
various integration schemes on some simple examples, a sheet metal forming example
with rather industrial content is taken to demonstrate various characteristics within
this process.

2 The ’Solid-Shell’ concept

In this section the basic features of the ’Solid-Shell’ concept are briefly reviewed. For
a detailed explanation we refer to [10] resp. [19] and [17] for similar elements. Two
different types of ’Solid-Shells’ have been developed, see fig. 1, the bilinear element type
with four nodes on the upper and lower shell surface each and the biquadratic element
type with nine in-plane nodes on each surface. From the discrete nodal coordinates and
displacements the geometry as well as the displacement field is approximated using the
bilinear resp. biquadratic Lagrange shape functions for in-plane approximation and a
linear interpolation in thickness direction.

As is well known the ’Solid-Shell’ elements suffer from many locking effects. To avoid
locking, methods of underintegrating the volume integrals (SRI [22]), an interpolation
of transverse shear strains, resp. membrane strains and even thickness strains (ANS-
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Figure 1: Solid-Shell’ elements with bilinear and biquadratic shapes

method [2], [4], [3]) as well as mixed formulations (EAS-method [20]) are applicable.
A complete discussion about these locking phenomena and different developed element
versions is given e.g. in [9]. Finally, almost locking free 3D-shell elements are avail-

Elementname membrane thickness transverse
in-plane strain strain shear strain

approximation modification modification modification
ANS3DEAS bilinear Lagr. - EAS ANS
EAS3DEAS bilinear Lagr. EAS EAS ANS
MI9K3DEAS biquadratic Lagr. ANS EAS ANS

Table 1: Nomenclature for ’Solid-Shell’ element formulations

able. The nomenclature for the element versions relevant for the investigations in the
following chapters is given in tab. 1.

The use of nonlinear material laws, necessary for the treatment of large deformation
problems, is described in detail e.g. in [11]. It should be mentioned that in contrast to
the degenerated shell concept strains and stresses in thickness direction are included
in the ’Solid-Shell’ concept. Thus general three-dimensional material laws can be used
without any modification and general 3D stress and strain states can be treated directly.

3 Different contact algorithms in frictionless con-

tact analysis

3.1 Velocity description

A specific derivation based on a velocity description [14] can be applied to describe
contact conditions with any type of curved surfaces. For this purpose, the following
tensor notations have to be introduced with surface coordinates ξ, η and the normal
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coordinate ζ respectively

ξ1 = ξ, ξ2 = η, ξ3 = ζ . (1)

The local surface coordinate system is defined by means of surface tangent vectors:

x1 =
∂x

∂ξ1
= x̄,ξ, x2 =

∂x

∂ξ2
= x̄,η (2)

and a normal surface vector

n =
x1 × x2

|x1 × x2|
, (3)

where x̄ =
n∑

k=1

Nk(ξ
1, ξ2)x̄(k)

e is the parameterization of the surface inherited from the

finite element discretization.

We then introduce a local coordinate system as

rs(ξ
1, ξ2, ξ3) = x̄(ξ1, ξ2) + nξ3, (4)

where rs is a “slave” point and x̄ is its projection on the surface. Within the “master-
slave” approach a point of one body which penetrates into another is called “slave”
point. Additional specifications of the “slave” point will be discussed further when the
integration procedure is shown in more detail. For the coordinate system defined in
eqn. (4) it is assumed that the well known closest point projection procedure [16], [24]
has been already fulfilled. Therefore, the third local coordinate ξ3 is the value of a
penetration

ξ3 = gN = (rs − x̄) · n. (5)

The full time derivative of eqn. (4) gives

vs = v + ξ3∂n

∂t
+ nξ̇3 + (x̄ − ξ3hi

jxi)ξ̇
j, (6)

where vs =
d

dt
rs(t, ξ

1, ξ2, ξ3) is the velocity of the “slave” point, v =
∂x̄

∂t
is the trans-

lation velocity of the projection of the “slave” point, and hi
j are the mixed components

of the curvature tensor.
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A dot product eqn. (6) with the surface tangent vectors eqn. (2) gives after some
algebraic transformation the convective velocity components in the following form

ξ̇j = âij[(vs − v) · xi − ξ3(
∂n

∂t
· xi)], i, j = 1, 2 (7)

where âij are the contravariant components of (aij − ξ3hij), and aij are the covariant
components of the metric tensor. A dot product of the relative velocity eqn. (6) with
the normal (3) gives a time derivative of the penetration

ξ̇3 = (vs − v) · n. (8)

As shown in [14], the following reduction of eqn. (7)

ξ̇j = aij(vs − v) · xi (9)

gives a first order description with respect to the penetration gN = ξ3, which is consis-
tent with the contact integral. The contact integral has then the following form

δWc =

∫

s

NδgNds +

∫

s

Tjδξ
jds = (10)

=

∫

s

N(δrs − δx) · nds +

∫

s

T j(δrs − δx) · xids ,

where the full contact tractions T are expressed as a sum of tangential and normal
forces

T = Nn + T ixi. (11)

The contact integral in eqn. (10) is computed over the slave surface.

Tangent matrix for the non-frictional case with a penalty formulation

In the non-frictional case, i.e. N 6= 0 and T j = 0, the penalty formulation of the
contact condition leads to the following contact functional:

δW N
c =

∫

s

εp〈gN〉δgNds (12)

with the penalty parameter εp, and the Macauley brackets 〈 〉 in the form

〈gN(ξ1, ξ2)〉 =

{
0, if gN(ξ1, ξ2) > 0

gN , if gN ≤ 0
(13)
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If the equation for the convective velocities (9) is taken into account the linearized
contact integral (12) has the following form:

Dv(δW
N
c ) =

=

∫

S

εp H(−gN) (δrs − δx) · (n ⊗ n)(vs − v) dS (14)

−
∫

S

εp H(−gN) gN

(
δx,j · aij(n ⊗ xi)(vs − v) + (δrs − δx) · aij(xj ⊗ n)v,i

)
dS(15)

−
∫

S

εp H(−gN) gN (δrs − δx) · hij(xi ⊗ xj)(vs − v) dS . (16)

where H(−gN) is the Heaviside function denoting that the integral is computed, if the
penetration is nonpositive.

The resulting normal contact matrix is naturally subdivided into a main matrix eqn.
(14), a “rotational” matrix (15) and a “curvature” matrix (16). For details about the
derivation of the matrices as well as the influence of each part on the convergence of
the nonlinear solution in the case of different approximations of contact surfaces we
refer to [14].

3.2 Augmented Lagrangian contact formulation

As an alternative approach to achieve satisfaction of the contact condition the method
of Lagrangian multipliers could be used. The Lagrangian multipliers allow in gen-
eral to fulfill any constraint condition exactly, but then the system of equations is
extended by additional unknowns λ. Another disadvantage is that the linearization of
the Lagrangian term leads to zero entries on the main diagonal of the stiffness matrix;
even the size of the equation system is changing in the solution process, because the
multipliers vanish in the case of no contact resp. penetration. This all leads often to
numerical problems and particularly enlarged effort in the solution process; further spe-
cial solution techniques would be required to overcome the problem with zero diagonal
entries.

Therefore besides the penalty method introduced above the so called Augmented La-
grangian approach as proposed in [25] and [21] is also tested for the contact description.
This method can be considered as a combination of the penalty method and the method
of Lagrangian multipliers. The standard functional is then extended by two additional
parts:

ΠA =

∫

Ac

λ 〈gN〉 dAc +
1

2

∫

Ac

εp 〈gN〉2 dAc , (17)
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where again the gap function gN(ξ1, ξ2) is reformulated as a penetration function ac-
cording to eqn. (13). In order to simplify the solution the Lagrangian parameters
λ, here the contact force/stress, are supposed to be fixed within an iteration in the
Newton-Raphson solution. Therefore they do not have to be taken into account as
additional variables for the variation and linearization of the functional. When the
equilibrium iteration process is finished, the constraint condition is checked, and, if
necessary, the Lagrangian parameters are updated resp. augmented by

λ = λ + εp 〈gN〉 , (18)

and an additional equilibrium iteration process is started with the increased contact
force; (the complete algorithm which is known as Uzawa algorithm [16] is summarized
in tab. 2). Turning off the augmentation procedure this approach is identical to a pure

Load step n

1) Initialize Augmented Lagrangian Parameters

λ
(n)
(k) = λ

(n−1)
(k) and λ

(0)
(0) = 0

2) Initialize Augmented Lagrangian iteration counter
k = 0

3) Solve nonlinear equation system for d using

Newton-Raphson iteration scheme (λ
(n)
(k) is fixed)

4) Check penetration of nodal resp. integration points
to find maximal penetration max gNi at point i
if max gNi ≤ tol gN next load step n = n + 1, goto 1)

else λ
(n)
(k+1) = λ

(n)
(k) + εp gN , k = k + 1, goto 3)

Table 2: Nested iteration scheme for Augmented Lagrangian approach

penalty formulation.

3.3 Computation of the contact integral

Within the finite element method the contact integral in eqn. (10), leading to the
residual, as well as the integrals in equations (14), (15), (16), leading to the consistent
tangent matrix, have to be computed using one or another quadrature formulae. In the
most common approach known as “node-to-surface” technique the value at the nodes
from the finite element discretization of the “slave” part is taken directly. As is well
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known, this technique can be only directly applied in the case of linear approximations
for both “slave” and “master” parts, see [26], and it does not satisfy the patch test, see
[6]. This fact can be explained as under-integration of the contact integral, because the
Lobbatto quadrature formula with only two integration points gives exactly a nodal
collocation formula in this case. As an improvement different quadrature formulae of
higher order can be used. In this situation the question arrises: How many integration
points have to be taken in order to achieve a certain error bound? The usual formula
to estimate the integration error does not give the correct answer, because it requires
differentiability of the integrand up to the certain order. This is not the case for the
computation of the contact integral, which is discussed in the following: the function
in the integral is defined on the master element, but the computation of the integral
has to be done over the unknown slave surface. In practice, the penetration of “slave”
points, e.g. integration points, from different “slave” segments into the master segment
is checked, see fig. 4. This can be considered as integration of auxiliary functions over
the known master surface which again define a function which is discontinuous on the
master surface.

As a representative example to show that the problem of integration of discontinuous
functions arises during the ”master-slave” approach we consider the classical Hertz
problem. Assume that the contact problem of a cylinder and a semi-infinite elastic
plane, see fig. 2, is solved by the standard penalty approach for the finite element
method. Let CD be a 2D contact element. Controlling the process with an applied
vertical displacement h, the cylinder penetrates into the plane within the first iteration
as shown in fig. 2. A characteristic quantity for the satisfaction of contact is the value
of the energy associated with the penalty form in e.g. the first iteration. It has the
following form:

Eg =
1

2

∫

AB

εNg2
Ndx =

εN

2
J . (19)

The value of the integral J in eqn. (2) can be evaluated in closed form, because both
the penetration gN and the contact zone AB are defined from the specific geometry as:

gN = R − h −
√

R2 − x2, AB = 2
√

h(2R − h) . (20)

The integral J after evaluation and some transformations has the following form:

J =

∫ +
√

h(2R−h)

−

√
h(2R−h)

(R − h −
√

R2 − x2)2dx = (21)

=
2

3
(3R2 − 2Rh + h2)

√

h(2R − h) − 2R2(R − h) arcsin

√

h(2R − h)

R
.
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Figure 2: Cylinder during the first iteration

Within the finite element solution the value of the integral J becomes:

J =

∫

AC

〈gN〉2dx, (22)

where 〈 〉 denotes the Macauley brackets see eqn. (13). The value of the integral is
computed over the contact element CD, while the contact region AB is detected via the
integration points, which then leads in general to a discontinuous function defined over
the contact element CD. Before comparing the results, we describe in the following
section one of the techniques to integrate discontinuous functions [7].

Integration schemes using subdivision into subdomains

The a-priori error estimation in the case of the application of Gauss quadrature rules
for discontinuous functions is a more complicated question, because it is necessary to
know the behavior of the integrand, see e.g. [7]. However, this is in general not known
in the considered cases of rather general contact surfaces. One can only expect, that
increasing the number of integration points leads to a reduction of the integration error.
As an improved and efficient technique to decrease the integration error a subdivision
of the integration area into subdomains together with lower order integration in each
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subdomain can be used (see e.g. [7]). With the same number of integration points as
for a standard Gauss integration this technique leads to a smaller integration error, as
is shown in the following.

Let A be an area of element. In the case of a quadrilateral contact element with area
A, this can be subdivided into non-overlapping subdomains Aij:

A =
⋃

ij

Aij. (23)

0 1 2 m

1

2

n

i i+1

2i
m 1

j+1

j

m
2

ξ

η

ξ

η

i

j

Figure 3: Subdivision of the contact segment into subdomains for integration

Now we consider the subdivision of A with the local coordinate system ξ, η into rect-
angular subdomains, see fig. 3, e.g. into m parts along the ξ axis and into n parts
along η axis. In each subdomain a separate local coordinate system ξi, ηj, which has
to satisfy the following conditions, is introduced:

ξi = −1 if ξ =
2i

m
− 1, ξi = 1 if ξ =

2(i + 1)

m
− 1, i = 0, 1, 2, ...m − 1 (24)

and

ηj = −1 if η =
2j

n
− 1, ηj = 1 if η =

2(j + 1)

n
− 1, j = 0, 1, 2, ...n − 1 (25)

Then, the transformation of the coordinates ξi, ηj into ξ, η can be written as:

ξ =
ξi

m
+

2i + 1

m
− 1, η =

ηj

n
+

2j + 1

n
− 1. (26)
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Finally, the integration of a function f(ξ, η) over the area A in the local coordinate
system ξ, η leads to a sum of integrals over each subdomain Aξi,ηj

:

∫ +1

−1

∫ +1

−1

f(ξ, η)dξdη =

m−1∑

i=0

n−1∑

j=0

∫

Aξi,ηj

f(ξ, η)dξdη =

=
1

m · n

m−1∑

i=0

n−1∑

j=0

∫ +1

−1

∫ +1

−1

f

(
ξi

m
+

2i + 1

m
− 1,

ηj

n
+

2j + 1

n
− 1

)

dξidηj. (27)

Each integral in formula (27) is computed via standard quadrature formulae, e.g. Gauss
integration.

In order to consider general features of the proposed approach, first the exact value
of the integral J in eqn. (21) is compared with the computed value in (22) for a line
contact. The following parameters are taken: radius of cylinder R = 2.0, vertical
displacement h = 0.1, length of element CD = 2.0. In this case as exact value of the
integral J = 6.7099 · 10−3 and as length of the contact zone AB = 1.249 are obtained.
The following relative error e is used for comparison of the computed value Jcom with
the exact value J :

e =
Jexact − Jcom

Jexact

· 100% . (28)

Tab. 3 shows the relative error e in the case of various numbers of Gauss points and
subdivisions.

As expected, the formula with subdivisions leads to a smaller error than the standard
single domain Gauss formula. It is obvious that among the formulae with a fixed
total number of integration points the smallest error is obtained by the formula that
combines both the maximum number of subdivisions and the maximum number of
Gauss points which can be independently chosen.

After the description of the contact elements in the following part we will show that
the proposed approach allows first to diminish the error for the patch test and second
to improve the quality of the results, e.g. the load-displacement curve.

4 Finite element discretization of contact

Several constructions of a contact element resp. contact segment depending on the cho-
sen integration scheme are considered. The well known ”node-to-surface” element with
nodal collocation, a ”segment-to-segment” element with an auxiliary integration as well
as a contact element for rigid surfaces defined by analytical functions are generalized
by the development of a specific position matrix.
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No. of Gauss points No. of subdivisions e %

2 1 93.4232

3 1 -32.4737

5 1 5.4618

6 1 -2.4670

3 2 4.7420

2 3 -0.1113

7 1 -1.0916

10 1 -0.6844

5 2 0.2399

2 5 0.2018

20 1 -0.0669

10 2 0.1147

5 4 0.0978

4 5 0.0153

2 10 0.0271

40 1 0.0114

20 2 0.0196

10 4 -0.0137

8 5 -0.0021

5 8 0.0001

4 10 0.0029

2 20 0.0142

Table 3: Relative error in energy of contact integral for penalty formulation; com-
paring standard Gauss integration with subdivisional Gauss integration in
subdomains

4.1 Node-to-surface contact element

First, a ”node-to-surface” approach is considered. In this case each ”slave” node is
treated separately. If the approximation of the ’master’ surface is defined by n nodes
and the ’slave’ node is the (n+1)’th node, then the nodal vector for the contact element
can be written in the following form:

x̄T
e = {x(1)

1 , x
(1)
2 , x

(1)
3 , x

(2)
1 , x

(2)
2 , x

(2)
3 , ..., ..., x

(n)
1 , x

(n)
2 , x

(n)
3 , x

(n+1)
1 , x

(n+1)
2 , x

(n+1)
3 }T .(29)
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Position matrices with dimension 3× (n+1) are necessary in order to define the nodal
displacement

Ak =





0 0 0 · · · 1 0 0 · · ·
0 0 0 · · · 0 1 0 · · ·
0 0 0 · · · 0 0 1 · · ·



 , k = 1, ..., n + 1, (30)

︸ ︷︷ ︸ ︸ ︷︷ ︸

1 k

where the 3 × 3 unity matrix is placed here at position k. Then a position vector for
the k-th node x(k) = {x(k)

1 , x
(k)
2 , x

(k)
3 } in the global Cartesian reference frame can be

written as

x(k) = Akx̄e , k = 1, 2, ..., n (31)

and for the slave node S as

rs = A(n+1)x̄e . (32)

With N(k)(ξ
1, ξ2), k = 1, 2, ..., n as the shape functions for the master surface pa-

rameterization, the projection of the slave point C on the master surface is defined
as

x̄ =
n∑

k=1

N(k)(ξ
1
c , ξ

2
c )A

kx̄e = Acx̄e, (33)

with

Ac =
n∑

k=1

N(k)(ξ
1
c , ξ

2
c )A

k. (34)

On the basis of this notation, the vector δrs − δx̄ has the following form

δrs − δx̄ = (A(n+1) − Ac)δx̄e = Aδx̄e, (35)

where a new matrix A = A(n+1) − Ac has been defined as

A =





−N1 0 0 −N2 0 0 ... ... ... −N(n) 0 0 1 0 0

0 −N1 0 0 −N2 0 ... ... ... 0 −N(n) 0 0 1 0

0 0 −N1 0 0 −N2 ... ... ... 0 0 −N(n) 0 0 1



 .(36)
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The relative velocity vector (vs − v) has the identical structure:

vs − v = (A(n+1) − Ac)ve = Ave (37)

For further developments only the matrix of the shape function derivatives A,j, i = 1, 2
has to be specified

A,j =





N1,j 0 0 N2,j 0 0 ... ... ... N(n),j 0 0 0 0 0

0 N1,j 0 0 N2,j 0 ... ... ... 0 N(n),j 0 0 0 0

0 0 N1,j 0 0 N2,j ... ... ... 0 0 N(n),j 0 0 0



 ,(38)

in order to describe the vectors δx,j and v,j

δx,j = A,jx̄e , v,j = A,jve . (39)

4.2 Segment-to-segment contact element

For the auxiliary integration rule we have to specify the number and location of the
integration points on the slave elements. Therefore, both a ”master” and a ”slave”
surface have to be specified for a contact segment.

Let ABDE be a master segment (see fig. 4) defined by n nodes

{x(1)
1 , x

(1)
2 , x

(1)
3 , x

(2)
1 , x

(2)
2 , x

(2)
3 , ..., x

(n)
1 , x

(n)
2 , x

(n)
3 }T ,

and abde be a slave segment defined by m nodes

{y(1)
1 , y

(1)
2 , y

(1)
3 , y

(2)
1 , y

(2)
2 , y

(2)
3 , ..., y

(m)
1 , y

(m)
2 , y

(m)
3 }T .

The shape functions Nk(ξ
1
N , ξ2

N), k = 1, 2, ...n and Mk(ξ
1
M , ξ2

M), k = 1, 2, ...m are defined
for the ”master” and the ”slave” segment respectively. A displacement vector for the
contact segment is defined by n + m nodes as

uT = {u(1)
1 , u

(1)
2 , u

(1)
3 , u

(2)
1 , u

(2)
2 , u

(2)
3 , ..., u

(n)
1 , u

(n)
2 , u

(n)
3 , (40)

u
(n+1)
1 , u

(n+1)
2 , u

(n+1)
3 , u

(n+2)
1 , u

(n+2)
2 , u

(n+2)
3 , ..., u

(n+m)
1 , u

(n+m)
2 , u

(n+m)
3 }T .

The position matrices Ak (see eqn. 30), which now have 3× (n+m) dimension, define,
similar to eqn. (35), the following matrix A

A =





−N1 0 0 −N2 0 0 ... −N(n) 0 0
0 −N1 0 0 −N2 0 ... 0 −N(n) 0
0 0 −N1 0 0 −N2 ... 0 0 −N(n)

M1 0 0 M2 0 0 ... −M(m) 0 0
0 M1 0 0 M2 0 ... 0 −M(m) 0
0 0 M1 0 0 M2 ... 0 0 −M(m)



 . (41)
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Figure 4: Segment-to-segment contact segment

A finite element approximation for the projection point x̄ is defined as

x̄ =

n∑

k=1

Nk(ξ
1
N , ξ2

N)Akx̄e, (42)

and for ”slave” points as

rs|ξ1

M
=ξ1

I
, ξ2

M
=ξ2

J
=

m∑

k=1

Mk(ξ
1
I , ξ

2
J)A(k+n)x̄e, (43)

where ξI
1 , ξ

J
2 are integration points.

Since the differential operations in the tangent matrix, see eqns. (14), (15) and (16),
are defined only on the master surface, the structure of the matrix of the shape function
derivatives in eqn. (38) remains the same, namely

A,j =





−N1,j 0 0 −N2,j 0 0 ...
0 −N1,j 0 0 −N2,j 0 ...
0 0 −N1,j 0 0 −N2,j ...
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−N(n),j 0 0 0 0 0 ... 0 0 0
0 −N(n),j 0 0 0 0 ... 0 0 0
0 0 −N(n),j 0 0 0 ... 0 0 0



 . (44)

Based on the matrices defined in eqn. (41) and (44), the necessary expressions for the
contact formulation result in the same form, see eqns. (35), (37) and (39).

Remark The ”segment-to-segment” contact segment is constructed independently
of the chosen quadrature formula. It should be noticed that the Lobatto quadrature
formula (see e.g. [7] for a further discussion about numerical integration) with only
2 × 2 integration points leads exactly to the result of the ”node-to-surface” element.

4.3 Contact with rigid surfaces described by analytical func-

tions

If a body contacts a rigid surface, the latter one is chosen as a ”slave” surface in our
description, but the integration will be done over the ”master” surface. The rigid
surface is then parameterized by internal coordinates α1, α2. Then a point rs of this
surface has to satisfy eqn. (4) as a point in the local coordinate system of the contact
element too. This condition leads to the following equation

rs(α
1, α2) = x(ξ1, ξ2) + nξ3. (45)

The ’slave’ point projection procedure, which was necessary for the previous description
with surface segments, now turns into the determination of the surface point defined
by equation (45). Using a ”segment-to-segment” type strategy for the computation of
the contact integral, first integration points ξ1

I , ξ
2
J are defined on the ”master” segment

and then the corresponding internal coordinates α1, α2 of the rigid surface as well as
the penetration ξ3 are computed e. g. by the Newton method. For this algorithm we
define a function F (α1, α2, ξ3) with the components given in eqn. (45)

F =





xs1 − x1 − n1ξ
3

xs2 − x2 − n2ξ
3

xs3 − x3 − n3ξ
3



 with xi = xi(ξ
1, ξ2). (46)

Its derivative with respect to the coordinates (α1, α2, ξ3) is:

F′ =





xs1,1 xs1,2 −n1

xs2,1 xs2,2 −n2

xs3,1 xs3,2 −n3



 . (47)
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Then, the Newton iteration procedure reads as follows for iteration step n:

∆αn =





∆α1
n

∆α2
n

∆ξ3
n



 = −(F′)−1
n Fn, (48)

αn+1 = αn + ∆αn.

Surface of revolution

If an analytical surface is a surface of revolution described e.g. by NURBS, see [8], it
is possible to give a closed form solution for eqn. (48). In the simplest case f(r) can
be a plane NURBS curve uniquely projected onto the r axis, see fig. 5. The revolution
of the curve about axis OZ gives a surface of revolution. In a Cartesian coordinate
system it can be written as

f(r)

r
φ

X

Y

Z

Figure 5: The surface of revolution

rs(r, φ) =





xs

ys

zs



 =





r cos φ
r sin φ
f(r)



 . (49)

Then the iteration vector ∆αn in eqn. (48) gets the following form:

∆αn =





∆rn

∆φn

∆ξ3
n



 (50)
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with

∆rn =
1

D
· ((x3 − f(r))(n1 cos φ + n2 sin φ) + n3(r − x1 cos φ − x2 sin φ))

∆φn =
1

Dr
· ((f(r) − x3 − rf ′(r))(n1 sin φ − n2 cos φ) + f ′(r)(n1x2 − n2x1)

+n3(x1 sin φ − x2 cos φ))

∆ξ3
n =

1

Dr
·
(
f ′(r)(x1 cos φ + x2 sin φ − r) + f(r) − x3 + ξ3[f ′(r)(n1 cos φ + n2 sin φ) − n3]

)

and

D = −n3 + f ′(r)(n1 cos φ + n2 sin φ).

Surfaces allowing a direct computation of the penetration

For some simple analytical surfaces such as plane surface, cylinder, sphere and torus
it is not necessary to solve equation (45) iteratively in order to compute the value of
the penetration. In fig. 6 for example a rigid cylinder with the geometry described by
the cylinder axis (coordinates xm and direction vector r) and by the radius R is given.
The normal contact gap gNi for the contacting slave point xi can be computed directly
subtracting the cylinder radius R from the distance of point i to the cylinder axis.

gNi =
∣
∣
∣ xm − xi +

r · (xi − xm)

r · r r
︸ ︷︷ ︸

vn

∣
∣
∣ − R =

√

vT

n
vn − R , (51)

where r is a generatrix vector of the cylinder. The derivatives with respect to the
variable quantities can be directly computed out of (51):

gNi,xi
= − 1

√

vT

n
vn

vn = nc (52)

and

gNi,xixi
= − 1

(√

vT

n
vn

)3 vn vT

n
+

1
√

vT

n
vn

(

1 − r rT

rT r

)

. (53)

The derivatives needed for the tangent matrices with respect to the nodal displace-
ment vector ue are computed using the chain rule with the derivative of geometric
approximation xi,ue

. Within the velocity approach, the corresponding tangent matrix
together with the residual is computed at integration points of the contact element,
where the value gNi is nonpositive.

18



xm

x

z
y

nc r
xi

i

R

Figure 6: Cylindrical contact surface

Segment-to-analytical surface contact element

The nodal displacement vector in the case of contact with a rigid surface contains only
coordinates of the ”master” surface segment

ue
T = {u(1)

1 , u
(1)
2 , u

(1)
3 , u

(2)
1 , u

(2)
2 , u

(2)
3 , ..., u

(n)
1 , u

(n)
2 , u

(n)
3 }T , (54)

which is taken from the finite element discretization of the deformable body.

Without loss of generality, we can assume the rigid body to be fixed, i.e. with zero
velocity vs = 0 and variation δrs = 0. In accordance to that the position matrix A is
modified as

A =





N1 0 0 N2 0 0 ... ... ... N(n) 0 0
0 N1 0 0 N2 0 ... ... ... 0 N(n) 0
0 0 N1 0 0 N2 ... ... ... 0 0 N(n)



 . (55)

4.4 Tangent matrix for the penalty approach

All three cases of contact segments, as described in the previous sections, can be
unified by the position matrix A. From equations (14), (15) and (16) we then obtain
the following parts of the tangent matrix:
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main part

K(m) =

∫

s

εp H(gN) ATn ⊗ nAds = (56)

=

Np∑

I,J=1

(
εp H(gN) ATn ⊗ nAWIWJ detJ(ξ1

I , ξ2
J)

)
,

rotational part

K(r) = −
∫

s

εp H(gN) gN

[
AT

,ja
ij(n ⊗ xi)A + ATaij(xj ⊗ n)A,i

]
ds = (57)

= −
Np∑

I,J=1

(
εp H(gN) gN

[
AT

,ja
ij(n ⊗ xi)A

+ATaij(xj ⊗ n)A,i

]
WIWJ detJ(ξ1

I , ξ2
J)

)
,

curvature part

K(c) = −
∫

s

εp H(gN) gN AT hij(xi ⊗ xj)Ads = (58)

= −
Np∑

I,J=1

(
εp H(gN) gN AT hij(xi ⊗ xj)AWIWJ detJ(ξ1

I , ξ2
J)

)
,

where NP is a number of integration points; WI , I = 1, 2, ..., NP are weights of the
chosen quadrature formula. The determinant of the Jacobian detJ(ξ1

I , ξ
2
J) is computed

for the surface segment of the ”slave” surface in the case of the ”segment-to-segment”
approach, and for the ”master” segment in the case of contact with a rigid surface
described by analytical functions.

detJ(ξ1
I , ξ

2
J) = |rs1 × rs2|ξ1

I
, ξ2

J
, (59)

where rsi, i = 1, 2 are corresponding coordinate vectors. In the case of the ”node-
to-surface” approach the Jacobian is not necessary, as then no summation over the
integration points is needed.

The full normal contact tangent matrix is the sum of all parts

K = K(m) + K(r) + K(c). (60)
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Residual

From equation (12) the residual is obtained as

R =

∫

s

εp〈gN〉nTAds =

Np∑

I,J=1

(

εp〈gN〉nTA|J|ξ1

I
, ξ2

J

)

. (61)

4.5 Element matrices for the Augmented Lagrangian approach

The Augmented Lagrangian method is also written in a standard form for a surface
contact segment with the gap function and the Lagrange parameters evaluated at
the integration points; thus the same local elementwise interpolation as for the penalty
method can be used. However this leads in general to differences in the contact stresses
- stress jumps - between neighboring contact segments. As an alternative the nodal
gap values of the surface segments are taken and a corresponding nodal interpolation is
assumed for the stress distribution λ as e.g. proposed in [1] for the standard Lagrange
multiplier method. Then a smooth stress distribution across the segment boundaries
is achieved.

Such a ’distributed’ contact consideration has definitely some advantages compared to
the satisfaction of contact at nodes only, in particular as the nodes of higher order ele-
ments have to be treated differently [5]. Nevertheless, in order to achieve a continuous
stress distribution and still maintaining stability of the algorithm, certain requirements
should be fulfilled as e.g. proposed in [1]. According to the chosen ’Solid-Shell’ element
type, 4- and 9-node surface segments with bilinear resp. biquadratic interpolation func-
tions are provided in the following. The combined term (eqn. 17) can then be written
- for one segment - as:

Πe
c =

∫

ãe

λ ge
N dãe +

1

2
εp

∫

ãe

ge
N ge

N dãe . (62)

In order to account for the change in the size of the contact surface eqn. (62) should
be integrated over the current segment surface ae. As ae depends on the deformation
state, it should also be considered in the linearization process. However, similar to the
idea of the augmentation of the Lagrange parameters we propose to use the value ãe

from the last load step; thus it can be treated as a constant value inside the equilibrium
iteration and is updated after convergence for the next load step. The variation of eqn.
(62) leads to:

δΠe
c =

∫

ãe

εp ge
N δge

N + λ δge
N dãe
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= δue

1∫

−1

1∫

−1

(
εp ge

N,ue
ge

N + λ ge
N,ue

)
detJ̃ dξdη . (63)

where ue is the nodal displacement vector according to eqn. (54) and ge
N,ue

as the

partial derivative of ge
N with respect to ue. The determinant of the Jacobian detJ̃

according to eqn. (59) is computed using the geometry approximation x̃ of the contact
element surface. For x̃ the same interpolation is used as for the structural finite element
surface discretization using x̃e as the vector of the discrete nodal coordinates of the
updated configuration from the last load step. The linearization of eqn. (63) necessary
for the solution of the nonlinear equation system leads to:

∆δΠe
c =

∂δΠe
c

∂ue

= δue

1∫

−1

1∫

−1

(εp ge
N,ue

ge
N,ue

+ εp ge
N,ueue

ge
N

+λ ge
N,ueue

) detJ̃ dξdη . (64)

Within this linearization the area of contact is assumed to remain constant, thus detJ̃
remains constant. However, the surface is updated in every load step. The tangent
stiffness matrix Ke and the residuum vector Re of a surface element are determined
by integrating eqn. (64) resp. eqn. (63) numerically using e.g. a Gauss integration
scheme with k Gauss points:

Ke =

k∑

i=1

(εp gNi,ue
gNi,ue

+ εp gNi,ueue
gNi

+λi gNi,ueue
) detJ̃(ξ1

i , ξ
2
i ) Wi , (65)

Re = −
k∑

i=1

(εpgNi,ue
gNi + λi gNi,ue

) detJ̃(ξ1
i , ξ

2
i ) Wi, (66)

with the updated Lagrange parameters λi:

λ
(n)
i(k+1) = λ

(n)
i(k) + εp gNi . (67)

According to so-called Uzawa’s algorithm the Lagrange parameters λi are updated for
each augmentation step (k) and initialized for every new load step (n) using the values
for λi of the last augmentation step of the previous load step (n − 1) and λi = 0 for
the first load step (tab. 2). The value gNi denotes the gap value at the Gauss point i
with local coordinates (ξ1

i , ξ
2
i ). Depending on the algorithm chosen, the values for gNi

are evaluated directly at the Gauss points (see left hand side a) in fig. 7), the so-called
local approach, or the interpolation

gNi =
n∑

j=1

Nj(ξ
1
i , ξ

2
i ) gNj (68)
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Figure 7: a) Evaluation of gap at Gauss points; b) Evaluation of gap at nodal points
and interpolation over segment shape

with the nodal gap values gNj and the bilinear resp. biquadratic shape functions Nj,
the continuous approach, is used (see right hand side b) in fig. 7). According to eqn.
(13) gNi is set to zero for values gNi ≥ 0.

Within the local algorithm the penetration function as well as its derivatives with
respect to the nodal displacements are only evaluated at the Gauss points and there
is no contribution from Gauss points without penetration. A major advantage of
this approach compared to nodal contact is that the number of points, where contact
should be considered in an element or segment, can be arbitrarily increased by using
a larger number of Gauss points. This allows to follow contact surfaces with strongly
varying shape. However, as the gradients of the contact forces are then mostly also
larger, a mesh refinement of the contacting body appears to be mandatory, too. For
the scheme with the Lagrange parameter being also evaluated resp. augmented at the
Gauss points, an interpolation within elements only, fully associated to the penetration
interpolation is assumed. Thus the contact stress distribution is not continuous along
the contact surface.

Using the continuous approach a smooth contact stress distribution is achieved. Here
the penetration function and its derivatives with respect to the nodal displacements as
well as the Lagrange parameters are evaluated at the nodal points and interpolated over
the surface using the element shape functions according to eqn. (68). However, then
the contact refinement as discussed for the local algorithm by using a larger number
of Gauss points is not possible. Instead a mesh refinement has to be performed, if an
improvement of the contact computation is required, because a better approximation
of the geometric characteristics becomes necessary too.

Continuous and local approach for different geometrical situations

Using a continuous resp. a local approach is similar to the use of different integra-
tion methods for the contact terms. Investigations about integration rules for penalty
based contact formulations can be found in [18]. In [1] the stability and the perfor-
mance of different contact algorithms based on Lagrangian multipliers are discussed.
To investigate the influence of the integration methods on the fulfillment of the contact
constraint some specific geometrical structures are shown where the contact condition
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is formulated using the Augmented Lagrangian scheme. In particular three different
geometrical contact situations of a slave structure discretized with bilinear contact
segments against different master surfaces are treated.

In the first case shown in tab. 4 contact against a piecewise linear master surface
is checked. The penetration can be reasonably limited to the two tested integration

Continuous approach

N,pNg

Local approach (2 Gp)

N,pNg

Table 4: Contact against piecewise linear master surface, gap gN and contact pressure
pN distribution

schemes. A continuous contact stress distribution over the two involved slave segments
is achieved for the continuous approach, which is clearly preferable in this situation.
For the local approach with two contact integration points one slave segment is in
contact to the master surface with one Gauss point penetrating into the master surface
because the Augmented Lagrangian approach prevents a local higher penetration which
would result in a distributed contact with some more contact points involved. This
leads consequently to a discontinuous stress distribution. Using the local approach
with more integration points could prevent a local high penetration. Therefore the
local approach should be to preferred.

The second case treats contact against a curved master surface with very small curva-
ture radius compared to the geometry of the slave structure (see tab. 5). In this special
geometrical situation large penetration can occur for the continuous approach as well
as for the local approach with an overly small number of integration points. In fact
the penetration can be limited using the Augmented Lagrangian treatment of contact
as it is done here, but the penetration check is only done at single contact integration
points or the contacting nodes, so that locally still high penetration values can occur.
It’s even possible that contact is not found at all. The use of a higher number of
contact integration points can help to introduce the contact constraint more properly
and to achieve a better contact stress distribution. This can be seen in tab. 5 for the
version with 6 contact integration points. With that kind of a contact refinement a
very simple way is found to achieve a fairly satisfying introduction of the contact con-
straint in such special geometrical situations. Alternatively a mesh refinement using
more contact segments resp. structural shell elements on the slave side or a subdivision
of the segments into subdomains as described in section 3.3 is possible. Changing the
master part to the slave part would also lead to a better result in this particular case.
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Continuous approach �������
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�������

N,pNg

Local approach (2 Gp) �������
�������
�������
�������
�������
�������

N,pNg

Local approach (6 Gp) �������
�������
�������
�������
�������
�������

N,pNg

Table 5: Contact against curved master surface, gap gN and contact pressure pN dis-
tribution

A third considered case (see tab. 6) is contact on both sides of the shell structure
whereas two circular concentric master contact surfaces are assumed. A situation like

Continuous approach

N,pNg

Local approach (2 Gp)

N,pNg

Local approach (3 Gp)

N,pN

N,pNg

g
top

bottom

Table 6: Contact between two curved master surfaces, gap gN and contact pressure pN

distribution on top resp. bottom of shell in contact

this for example appears in sheet metal forming, where the sheet is formed between
two rigid tools. The local approach and the continuous approach with two contact
integration points lead to an almost continuous constant stress approach (continuity
cannot be guaranteed for the local approach), as the tools are assumed to be described
by circles and the blank is meshed with almost equally sized elements. Using the local
approach with more than two contact integration points overconstrains the contact
problem with an artificial stress distribution, in addition numerical problems will arise
in this case. The situation shown in tab. 6 has been also investigated by checking
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the eigenvalues of the stiffness matrix of a single element between two curved contact
surfaces. Using two Gauss points for the local approach as well as the continuous
approach delivers the same condition number for the stiffness matrix. Increasing the
number of integration points for the local approach the condition number increases,
too, which indicates the overconstrained situation. Using only one Gauss point leads
to an instability for both approaches. Thus it can be seen that it is not reasonable to
use the local approach in such a geometrical situation. If the local approach is used
the number of integration points has to be chosen compatible to the geometry of the
master surfaces.

5 Numerical examples

5.1 Patch test

Here we consider the application of the segment-to-segment contact approach with
various integration schemes to the modified patch test problem, originally proposed in
Crisfield [6] for the 2D patch test. The upper block with the dimensions 1 × 1 × 0.5
is meshed with a regular rectangular mesh 3 × 3 × 2. The lower block has the same
geometry as the upper block, and a finer, but distorted mesh 6× 6× 2 is used, see fig.
8. Both blocks are made of elastic material with the following parameters: Young’s
modulus E = 1.0 · 105, Poisson ratio ν = 0.3. The value of the penalty is chosen as
ε = 1.0 · 107. During contact the upper block is considered as a slave. An uniform
vertical displacement of ∆ = 0.05 is applied on the top surface.

The patch test serves to check the ability to transfer an uniform stress state through
the contact surface. Different techniques were proposed to pass the patch test. Taylor
and Papadopoulos [23] proposed the two-pass algorithm based on interchanging the
master and slave parts to pass the patch test in the case of a linear approximation
for 2D problems. Zavarise and Wriggers [27] proposed the integration over overlapping
regions in the 2D case in order to more accurately treat the contact conditions. Crisfield
[6] considered contact elements with higher order approximation to satisfy a patch test
in the 2D case. Also in the 2D case the integration of the contact integral over the
overlapping zone, which is constructed by projection was investigated in El-Abbasi
and Bathe [1] to satisfy the patch test. Jones and Papadopoulos [13] considered a
special pressure interpolation in the overlapping region of the two contact elements to
pass patch test in 3D. Heinstein and Laursen [12] developed an algorithm based on
the construction of a special 3D element in the overlapping region for mesh-matching
problem as well as to pass the patch test.

The integration algorithm based on integration of subdomains is an approximate ap-
proach to integrate discontinuous functions. Here we show, that with this technique it
is possible to construct a sequence of results with diminishing error to finally satisfy the
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upper block

lower block

contact surface of lower block

Figure 8: Blocks for the patch test; Upper block – regular mesh; Lower block – distorted
mesh

patch test. In order to investigate in the case of uniform stresses the normal contact
traction N , the normal stress σz and the vertical nodal displacement uz of the contact
surface of the lower block are checked. Their values are controlled by the mean value
x̄, while the standard deviation σ and the coefficient of variation Cv = 100% · σ/x̄ are
computed to estimate the variation. In tab. 7 the results concerning the mean value
and the coefficient of variation for the following quantities are given: sum of contact
tractions N = εpgN over the surface, computed at Gauss points of the contact surface;
normal stresses σz, computed for the upper and lower surface of each element of the
lower block; nodal vertical displacements uz for the contact surface. For comparison,
the first computation was made for the node-to-surface approach with a of penalty
value of 105 which was reduced due to the convergence problems. As is known, this
approach fails the patch test. Fig. 9 shows the ”roof-like” contact surface of the lower
block for this case. As expected this approach leads to the maximum of the coefficient
of variation.

From tab. 7 it becomes clear that also for 2D the integration with subdomains leads
to – though only slightly – smaller variations than an algorithm with standard Gauss
integration. It appears rather remarkable that the variations of the tractions remain
constant while the variation of the stresses and displacements falls below one percent.
However the effect of the subdivision remains rather small in this case.
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Figure 9: Node-to-surface approach fails to pass the patch test; ”roof-like” contact
surface

No. Gpt No. sbd. tractions N stress σz displ. uz

x̄ · 104 v % x̄ · 103 v % x̄ · 10−2 v %

NTS∗ 1 -1.3084 -68.087 -1.5248 -120.039 -0.9150 -157.93
2 1 -1.7767 -21.474 -4.6787 -2.5772 -2.4286 -7.7430

6 1 -1.6738 -19.851 -4.7077 -1.1663 -2.4143 -1.5571
3 2 -1.6210 -16.760 -4.7137 -0.8570 -2.4180 -1.2770
2 3 -1.6354 -17.331 -4.7115 -0.8789 -2.4170 -1.4131

10 1 -1.6614 -19.696 -4.7109 -0.8595 -2.4150 -1.3121
2 5 -1.6477 -15.793 -4.7113 -0.7798 -2.4166 -1.2097
5 2 -1.6408 -17.572 -4.7139 -0.7942 -2.4160 -1.2383

20 1 -1.6537 -19.226 -4.7124 -0.7791 -2.4164 -1.1597
10 2 -1.6408 -16.667 -4.7128 -0.7585 -2.4159 -1.1304
4 5 -1.6299 -16.790 -4.7141 -0.7136 -2.4158 -1.0822
5 4 -1.6447 -16.395 -4.7125 -0.7239 -2.4154 -1.1190
2 10 -1.6337 -16.341 -4.7126 -0.7578 -2.4170 -1.1335

Table 7: Influence of different integration schemes; patch test; mean value and coef-
ficient of variation for the following quantities: contact tractions N on the
contact surface, normal stresses σz in the lower block and vertical nodal dis-
placements uz on the contact surface; NTS∗ - node-to-surface approach

5.2 Free bending of a metal sheet on two cylinders

A second example is the free bending problem of a metal sheet (thickness t) with an
elasto-plastic material law with the material data given in fig. 10. At the beginning
the metal sheet is positioned on two cylindrical rigid bodies. As loading a displacement
u is prescribed in the center of the sheet. Due to symmetry only one half of the system
has to be modeled and discretized using 12 bilinear resp. 6 biquadratic elements and a
rather fine mesh with 100 bilinear resp. 50 biquadratic elements. Concerning contact
the following variations were investigated:
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u

FE−model

a=24cm

b=12cm

t = 0.25 cm

κ = 1.75 · 104 kN
cm2

µ = 8.077 · 103 kN
cm2

y0 = 16 kN
cm2

εp = 10 kN
cm3

Figure 10: Geometry and material data of free bending on two cylinders

1) the rigid cylinder is modeled by linear finite elements with 48 elements in the cir-
cumferential direction. The metal sheet is treated as ”master” part, the cylinder
as ”slave” part. Contact is modeled by the ”node-to-surface” approach.

2) the model is the same as in 1, but contact is modeled by the ”segment-to-segment”
approach.

3) the surface of the rigid cylinder is described analytically, the metal sheet is then
the ”master” part. The contact integral is computed by the nodal collocation
formula with additional gap interpolation over the element surface.

4) the model is the same as in 3. The Gauss quadrature formula with different
numbers of integration points on the ”master” part is used.

In fig. 11 the results for the global central reaction force for case 1, case 2 with 2 × 2
Gauss points and case 3 each with a mesh of 12 bilinear elements are plotted. The
result with the fine mesh of 100 bilinear ANS3DEAS elements with one integration
point for contact evaluation is taken for comparison as ”exact” solution. The nodal
collocation formula of case 3 shows the largest oscillations, because the value of the
penetration is checked only at the nodes of the sheet and the mesh is relatively coarse in
comparison with the geometrical size of the cylinder despite the analytical description
of the cylinder. If contact is checked at nodes of the mesh of the rigid cylinder, in case
1 of the ”nodal-to-surface” approach, jumps appear with smaller amplitudes. This
is an obvious consequence of the finer mesh for the cylinder in comparison with the
sheet mesh. As is well known, this would improve with a finer mesh on both sides.
Using a Gauss quadrature for the ”segment-to-segment” strategy leads to only slightly
reduced jumps, because in both ”node-to-surface” and ”segment-to-segment” approach
the rigid cylinder is modeled still with a rather coarse finite element mesh. In order to
investigate the influence of the order of the Gauss integration, case 4 was extended with
2×2, 3×3, 7×7 and 10×10 integration points and, finally, compared to the results with
a refined mesh of 100 elements, but with 1 Gauss point only, see fig. 12. Obviously,
the quadrature formulae with 2×2 integration points leads to rather large oscillations.
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Figure 11: Force-deflection curves for free bending problem; bilinear ANS3DEAS ele-
ments; comparing quadrature formulae of low order and mesh refinement

This is due to the fact that rather non-smooth contact checking is performed, which
can be improved using more contact points. As mentioned earlier, checking contact at
Gauss points can be interpreted as integration of a discontinuous function for which no
a-priori error estimation is avaliable. One can see that a convergent sequence of curves
is achieved if the number of integration points is increased even in the case of a coarse
mesh for the sheet. The influence of the mesh refinement with a softer response of the
sheet is also obvious.

The next step is to consider the influence of the number of Gauss points for the sheet
meshed with biquadratic elements. Fig. 13 shows the result of the computation for the
beam meshed with 6 elements, if the integration formula with 6 × 6 integration points
is used and if as an alternative the integration formula with 2 subdomains and 3 ×
3 integration points in each and with 3 subdomains and 2 × 2 integration points are
used. The result is compared with a refined mesh of 12 elements for the beam meshed
with 12 elements with 3 × 3 integration points. For comparison a 50 element mesh
and 2×2 integration points per element is chosen. The density of the Gauss points to
check the penetration is identical in the first three cases, but as a consequence of the
smallest a-priori integration error for the algorithm with subdomains, the latter leads
to a reduction of the oscillations. In fig. 14 it is shown that even a relatively large
number of 10×10 Gauss points per element still preserves oscillations. The integration
with 5 subdomains and 2 Gauss points for the 6 element mesh leads again to a solution
with a smaller deviation.
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Figure 12: Force-deflection curves for free bending problem; bilinear ANS3DEAS ele-
ments; contact against analytically defined contact surface; influence of the
number of Gauss points

5.3 Bending between two contacting surfaces

The third example is a bending problem of a metal sheet (thickness t) between two
contacting bodies both described by two plane surfaces each (see fig. 15). This problem
is chosen to show the necessity of the ’Solid-Shell’ approach as well as the necessity of
the Augmented Lagrangian method. Again the symmetry properties of the structure
can be used and only half of the structure has to be discretized with finite elements.
Altogether 40 bilinear (ANS3DEAS) resp. 20 biquadratic elements (MI9K3DEAS) are
used for the discretization, with a local refinement in the middle of the sheet (fig. 16)
where a high gradient in the deformation is expected. An elasto-plastic material law
has been used with the material data given in fig. 15.

This example is also chosen to compare the effort of the penalty method with the
Augmented Lagrangian method. For the penalty method penalty parameters of εp =
50 kN

cm3 and εp = 100 kN
cm3 have been selected, such that only a small penetration

occurs. Using a smaller value for εp the penetration becomes unacceptably large, for
a higher value numerical problems appear. For the Augmented Lagrangian approach
the starting value for the penalty parameter is chosen to εp = 10 kN

cm3 . This fairly large
value is taken for εp because otherwise too many augmentation steps would be needed
to achieve the maximum penetration limit. For the latter a maximum penetration
tolerance of penmax = 0.05 mm is assumed. To check the contact condition two contact
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Figure 13: Force-deflection curves for free bending problem; biquadratic MI9K3DEAS
elements; Influence of the number of Gauss points and refined mesh
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Figure 14: Force-deflection curves for free bending problem; biquadratic MI9K3DEAS
elements; subdivision of the integration domain into subdomains results in
smaller oscillations
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κ = 1.75 · 104 kN
cm2

µ = 8077 kN
cm2

y0 = 16 kN
cm2

Figure 15: Geometry and material data of free bending problem

integration points for the bilinear elements, resp. three for the biquadratic elements,
are used in each surface contact segment. An improvement of the results using more
Gauss points can not be achieved in this case because of the plane contact geometry.

In the beginning of the deformation process the contact force is very small as the sheet
can slide into the structure with little resistance. Only beyond a displacement of
u = 2.05 cm the forces grow considerably. Up to a displacement of about u = 2.2 cm
both approaches lead to almost the same result, as it can also be seen in the force-
deflection curve in fig. 17, where the resulting force in the middle of the sheet is given
over the displacement u. For displacements of u > 2.2 cm the penalty approach allows
a fairly high penetration, therefore the resulting contact forces are much smaller in this
range than those for the Augmented Lagrangian approach. In fig. 16 the deforma-
tion state with the maximum penetration for both algorithms is depicted. Using the
Augmented Lagrangian approach any penetration can be avoided almost completely.
It must also be mentioned that only linear convergence is achieved for the Augmented
Lagrangian parameters inside the Augmented Lagrangian iteration algorithm. There-
fore many additional iteration steps are required. Up to a displacement of u = 2 cm
the total number of iteration steps is about 450 for the penalty approach; for the Aug-
mented Lagrangian approach about 540 iterations are needed. For a displacement up
to u = 2.4 cm with the penalty approach a total number of iterations of about 2440 is
necessary; the Augmented Lagrangian approach requires then about 3870 iterations.
Thus it can be concluded that the accurate satisfaction of the constraint condition
can be only achieved with high computational effort. For a displacement u > 2.35 cm
also a difference between the biquadratic and the bilinear elements becomes visible. In
this range of deformation the biquadratic shape functions seem to be more suitable for
approximating the strongly deformed geometry.
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Figure 16: Comparing the state of deformation at u = 2.4 cm for penalty method (left)
and Augmented Lagrangian approach (right)
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Figure 17: Load-deflection curve for 2 cm ≤ u ≤ 2.4 cm

In fig. 18 the contact stresses for the displacement state with u = 2.38 cm in the area
of 0.1 cm < x < 0.8 cm are shown. As expected for the penalty case with higher
penetration there are smaller stresses in a wider area, whereas for the Augmented
Lagrangian case higher stresses are concentrated on a much smaller region.
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Figure 18: Contact stresses on lower side of the sheet for u = 2.38 cm

5.4 Deep drawing of a circular cylindrical part with a counter

die

In this numerical example the deep drawing process of a cylindrical part with counter
die is simulated. The idea is to show contact for both sides of the sheet which results
in a stretching process, if friction is involved, the latter however being excluded in
this contribution. The cylindrical sheet has a uniform thickness t = 1 mm and a
radius RS = 8 cm. The geometry of the tools is shown in fig. 19. Due to symmetry
only a quarter of the structure is discretized using 469 nodal points (see fig. 20). To
describe the contact surfaces of the rigid tools analytically defined surfaces as plane
surface, cylinder and torus are combined. Accounting for the geometrical situation the
so-called continuous approach is used for the contact description according to section
4.5. Therefore the contact condition is evaluated at the nodal points and the values
at the contact integration points are computed by nodal interpolation. Alternatively
also a test is performed using the local approach with two contact integration points.
Furthermore the Augmented Lagrangian approach with a penalty value starting with
εp = 20 kN

cm3 and a maximum penetration of penmax = 0.01 cm is used.

As loading a displacement u is prescribed for the punch. The complete forming process
can be separated in two phases. In phase 1 the punch presses the sheet against the
rounded edges of the die until a displacement of u = 2.5 cm is reached where the lower
surface of the sheet is pressed against a fixed blankholder, the counter die. In phase 2
the punch and the counter die move simultaneously and the blank is drawn along the
outer cylindrical die.
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Figure 19: Geometry- and material data for deep drawing process

Figure 20: Undeformed mesh for a quarter of the circular sheet

In fig. 21 the contact stresses for the surfaces of the punch, the die and the blankholder
are shown. In the first state for u = 2.15 cm the work piece is pressed by the punch
against the die; there is still no contact to the blankholder. From u = 2.5 cm on
the blank is pressed against the blankholder. Thus for the other states also contact
stresses for the blankholder appear. In the last state it can be seen that the blank is
predominantly drawn along the upper part of the die and the punch. It is also rather
obvious that for the bilinear interpolation of the surface geometry for the work piece
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a)

b)

c)

d)

Figure 21: Contact stresses for punch (left), die (middle) and blankholder for a) u =
2.15 cm, b) u = 4.3 cm, c) u = 6.45 cm and d) u = 8.6 cm

the contact stresses are fairly nonuniform for this rather coarse mesh.

In fig. 22 the load-displacement curve for the punch form is shown. The change from
phase 1 to phase 2 is marked by a vertical dotted line at u = 2.5 cm. It is obvious
that after contact with the counter die the punch force increases until the maximum
is reached, when the major bending is achieved and only some stretching is performed
due to contact at the upper part of the punch and the outer die. Using the local
approach with two contact Gauss points for this test leads to similar but clearly stiffer
results. Using the selective reduced integration of volumetric parts (ANS3DEAS-rv)
leads to little softer result which indicates that incompressibility locking in the plastic
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Figure 22: Load-displacement curve for deep drawing process of cylindrical pot

range has to be taken into account. As additional investigation a further refinement of
the mesh would be helpful to get information about the convergence properties.
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6 Conclusions

In the present paper structural finite ’Solid-Shell’ elements have been used for applica-
tions in large deformation contact analysis. It was shown that the biquadratic elements
are slightly superior concerning the results and using the same number of degrees of
freedom. In addition it is advantageous to use thick shell elements with a continuum
like geometric interpolation. This allows to use the upper and lower surfaces directly in
contact analysis and in addition thickness effects are more properly represented than
with usual shell elements.

The main part of the paper is focusing on the comparison of the contact algorithms
used especially for problems in sheet metal forming. Several contact approaches are
generalized under the unified description based on the special treatment of the contact
conditions. Within this treatment different approaches for computation of the contact
integral lead to the various contact “elements”: the node-to-surface approach with
evaluating data either at the nodal points only or with additional interpolation over the
contact segment; the segment-to-segment approach allows a choice of the integration
rule; the use of rigid contact surfaces described by analytical functions allowing also
the choice of the integration rule. In all cases within the choice stability problems must
be avoided. The contact approach with analytical functions appears especially useful
for applications in sheet metal forming where rigid tools are commonly defined by
arbitrary smooth geometries, e.g. by NURBS etc. In this case the well-known closest
point procedure can be turned into the computation of the value of penetration from
the surface equations directly.

The discussed contact elements with different degree of geometrical approximation of
the contact surfaces were tested in the example of a free bending of metal sheet with
large sliding in contact. A force-deflection curve was chosen to represent the main
characteristics of the results. Large oscillations appeared if relatively coarse meshes
together with a low order integration are used. It was found that increasing the number
of integration points leads to a more improved reduction of these oscillations, but an
integration procedure with an additional subdivision into subdomains leads to a further
reduction of oscillations with the same total number of Gauss points over the contact
area. However, it becomes also obvious that sufficiently fine meshes are mandatory
to achieve good results. It was shown that within the segment-to-segment approach
together with an integration over subdomains it is possible to efficiently improve the
patch test results.

As regularization techniques for the enforcement of contact conditions the penalty
method as well as the Augmented Lagrangian method are used. With some numerical
examples the advantages of both methods were compared. For the penalty method
small penetrations have to be tolerated with the advantage of efficiency compared to
the Augmented Lagrangian approach where the maximum penetration can be almost
arbitrarily limited. The latter is particularly necessary in cases, where a strong con-
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straining appears, e.g. in metal forming when sliding about sharp corners occurs or
stretching has to be simulated. It appears to be an efficient technique to work with
the penalty method checking for an allowable penetration and switch to an Augmented
Lagrangian procedure only if such a tolerance is passed.

Finally an example modeling the deep drawing process of a cylindrical part is shown.
Here the ability of the ’Solid-Shells’ to simulated complex forming processes together
with the introduced contact formulations, here particularly the Augmented Lagrangian
treatment with so-called continuous approach, can be shown. Two different mesh den-
sities have been tested and different ’Solid-Shells’ element variants have been compared
for the coarser mesh.
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