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Abstract

Optimization problems often incorporate constraints, which can be addressed using methods
such as the penalty method or introducing Lagrange multipliers. These methods, on the other
hand, often make the optimization process less than ideal. For example, they might make
the problem of minimization depend on a penalty parameter or change it into a saddle-point
problem. Fortunately, these constraints can sometimes be interpreted as restrictions on the
design space. The formulations realize this by transforming the problem from “constrained op-
timization on an unconstrained space” to “unconstrained optimization on a constrained space”,
preserving the structure of the problem and allowing dimensional reduction of the design space.
This is particularly true for so-called director fields, which typically arise in geometrically
non-linear structural models, such as the Reissner-Mindlin shell model or three-dimensional
beam models. They also emerge in material models of Cosserat-type and in micromagnetic
simulations. The pertinent constraint is maintaining the unit length of the director during
deformation.
In the specific case of directors with unit length, the manifold is the unit sphere. For a director
triad of orthonormal vectors, this manifold is the three-dimensional special orthogonal group.
The corresponding transformation is the special orthogonal group. This transformation to an
unconstrained optimization problem on a manifold requires the careful generalization of seemin-
gly innocent concepts. For example, it involves generalizing the incremental update of design
variables. If these variables reside on a manifold (instead of a linear vector space), the simple
addition of the incremental update and the design variable is not well-defined, and alternative
concepts are needed, such as addition in tangent spaces and exponential mapping.


