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Introduction

Fracture mechanics [1]

Classical brittle fracture approaches of Griffith and Irwin

Material fails locally upon a specific fracture energy

Continuum formulation - solve via standard finite-element

strategies

Thermodynamically consistent approach [2]

Finite deformation approach - multiplicative decomposition

of the local deformation

Enables the use of phase-field models for general nonlinear

constitutive laws

Energy-momentum consistent time integration scheme

Field equations

Phase field equation

s− l2∆s = 0 in B0

∇s · n = 0 on δB0

Regularized crack surface topology

Γl(s) :=

∫

B0

γl(s) dV =

∫

B0

1

2l
s

2 +
l

2
∇(s) · ∇(s) dV

Local balance of linear momentum

ϕ̇ = v , ρ0v̇ = Div P + B̄

ϕ = ϕ̄ on ∂Bϕ
0 × I, PN = T̄ on ∂Bσ

0 × I

Weak form of the nonlinear problem
∫

B0

δϕ · ρ0v̇ dV +

∫

B0

S : F T
∇X (δϕ) dV =

∫

B0

δϕ · B̄ dV +

∫

∂Bσ
0

δϕ · T̄ dA

Operator split

Decomposition into compressive and tensile part

F = F−F+ =
n

∑

a=1

λ−
aλ

+
a na ⊗ Na

Further decomposition of tensile stretches

F =
n

∑

a=1

(λ+
a )

s(λ+
a )

(1−s)λ−
a na ⊗ Na

Elastic, fracture insensitive part

F e =

n
∑

a=1

(λ+
a )

(1−s)λ−
a na ⊗ Na, Ce = (F e)TF e

Corresponding second Piola–Kirchhoff stress tensor

Se = 2
∂Ψ(Ce, s)

∂C
=

n
∑

a=1

1

λa

∂Ψ

∂λe
a

∂λe
a

∂λa

Na ⊗ Na

Link to linear theory: ǫa = log(λa)

ǫ
e =

n
∑

a=1

(

(1 − s)ǫ+a Na ⊗ Na + ǫ−a Na ⊗ Na

)

Consistent discretisation

Conform discretisation of the fields

ϕ
h =

∑

A∈ω

NA(X )qA, δϕh =
∑

A∈ω

NA(X )δqA

s
h =

∑

A∈ω

NA(X )sA, δsh =
∑

A∈ω

NA(X )δsA

Discrete phase field

δsA







∫

B0

gc

l
NANB

sB + gcl∇NA
· ∇NB

sB +
∂Ψ

∂sA

dV






= 0

Full discrete system

δqA ·






MABvB,n+1 − vB,n

∆t
+

∫

B0

∇NA(X ) · S
e,h
n,n+1∇NB(X ) dVqB,n+1/2






= δqA ·

[

F
A,ext
n+1/2

]

δsA







∫

B0

gc

l
NANB

sB,n+1/2 + gcl∇NA
· ∇NB

sB,n+1/2 dV






= −δsA

∫

B0

(

∂Ψ

∂sA

)

n+1/2

dV

Discrete gradient

S
e,h
n,n+1 = 2

∂Ψn+1/2

∂Ch
+ 2

Ψn+1 − Ψn + gc(γn+1 − γn)−
∂Ψn+1/2

∂Ch : ∆Ch

∆Ch : ∆Ch
∆Ch

Numerical example

Pure shear test - uniform mesh with 256 × 256 elements

Phase-field patterns for non-linear shear test. Upper row at a

displacement of u = [9.0, 11.0, 13.3]× 10−3 mm for a length

scale of 0.0150 mm. Lower row at a displacement of u = [9.0,
11.0, 15.1]× 10−6 mm for a length scale of 0.0075 mm.
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